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1. INTRODUCTION AND NOTATION 
By the Cyclotomic Polynomial we mean, as usual, the product 
where 8, as indicated, ranges over the divisors of n, and p(K) is Mobius’ 
inversion function. This well-known function is the irreducible manic 
polynomial 
Q,(X) = X”(n) - &) “@b-l + . . + (.- 1)” qn)X’P(n)-’ + . . . 
whose roots are the v(n) primitive nth roots of unity. 
The following useful identities are well known and follow easily from (1) 
Q,(x) = 1 + x + x2 + ... + “VP-1 (p a prime) (2) 
Qd4 = QZn(- 4 (n odd) (3) 
Qnb4 = & 
Q)n,m(x) = Qn&"), 
(4) 
where in (5) n, is a square free number divisible by every prime factor 
of 111. 
Although a great deal is known about Qn(x) some properties of its coeffi- 
cients are still imperfectly understood. These we propose to discuss. 
In what follows, we assume that n > 1. 
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Besides the functions p and 9) mentioned above we shall need the following 
numerical functions 
\logP if .4(n) = , o 
n =px (pa prime) 
otherwise (van RIangoldt’s function) 
Jk(n) = nk J-J (1 - p-q 
An 
(Jordon’s Totient function) 
1 -P(n) 
u(n) = 2 
We use the following factorial notation 
da11 = x(x - 1) (x - 2) ... (x - m + 1). 
We also need Bernouilli numbers B, generated by 
m B t” 
z+=& (B,=l,B,=-+;..). 
m=o . 
Sitrling numbers of the first kind Skfrn) generated by 
-$ y+‘” =x(x - 1)(.x - 2) .'.(X - k + 1) = #I. 
,Wl=O 
Stirling numbers of the second kind C&(m) generated by 
2. BEHAVIOR OF Q&v) ABOUT x =0 
One of the most striking properties of Q%(X) is the smallness of its coeffi- 
cients aC, = a’:‘. In fact, all these coefficients have values 1, - 1, or 0 for 
n < 105. However, 
QylO5) = &l(lOS) = 2 ) (6) 
ad,,(W = 2, a&‘~5) = 3, 
etc. are examples of coefficients outside the unit circle. In 1931 Schur [I] 
showed that the LZ’s are not bounded by proving that if t is any odd number 
and if 
n =PlP2...Pt, Pl <P2 < “‘<P,, Pl fP,>Pt7 
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then 
of which (6) is the first example. 
In 1936 Emma Lehmer [l] showed that a:’ is unbounded, even when n 
is a product of only three primes, by proving that if p, 4 = kp + 2 and 
r = (mpq - 1)/2 are all primes, and if h = (p - 3) (q~ + 1)/z, then 
@Par P-1 =- 2 . 
Since primes q and I always exist for each choice of p, the values of GYF’ are 
unbounded. 
In 1936 Holder [2] showed that if en(k) denotes the (Ramanujan) sum of 
the kth powers of the primitive nth roots of unity then 
A44 
c?%(k) = dn) (nid) 9 
where d is the greatest common divisor (n, k) of n and k. Since @“) is the 
rth order elementary symmetric functions of the primitive nth roots of unity, 
it follows by Newton’s formula that a:’ can be expressed as a polynomial 
in the c,(k). More explicitly, 
where the sum extends over all solutions (h, , ha , **a) of 
A, +u, + *** =r. 
Although exact and completely general, this formula is of little immediate 
help in studying the coefficients. By (3) and (5) one sees that there is no real 
loss in generality in assuming that n is square free and odd. In this case (7) 
becomes 
and the function u(n) has the value 0 or 1 according as n is the product of an 
even or odd number of prime factors. The coefficient @“) may now be 
expressed in terms of u(n) as follows 
QF = 1 0 LTy = 1 - 2u(n), ap = u(n). 
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The next eight coefficients, G?;“‘, ..., G$’ will depend on the greatest common 
divisor d = (105, n) and may be tabulated as follows. For brevity we write u 
for U(B). 
d fl’(“’ 3 fll?lj 4 
1 -u 11 
3 21 -~ 1 u - 1 
5 -u 21 
7 -11 u 
15 U-l U-l 
21 u-l U-l 
35 -u u 
105 U--l U-1 
(p’ 
’ 5 
-- I1 
0 
11 ~ 1 
~ 11 
2u - 1 
0 
u-l 
2u - 1 
@I” 
7 
~ II 
1 - N 
0 
21 -- 1 
1 
;u ~ 1 
2u 
@” 1 
8 
; 
0 
u-1 
1 -u 
-1 
-1 
&” a;;’ 
-u u 
u-1 U-l 
0 1 -u 
0 0 
0 0 
2u-1 0 
U 1 -2u 
U l-u 
We observe that for r < 10, @.” = 1, 0 or - 1 with the single exception 
ofCl!p’=2when 
n = 105 PIP, *.* P,, (7 < Pl < *.* <Pd. 
An extension of this table to CYir’ would require the separation of 16 cases 
corresponding to the 16 values of d = (1155, KZ). In general GYP’ is of the 
form Au(n) + B, where d and B are functions of 1z and the primes < r. 
The smallness of / Cl?;’ 1 would appear to be one of the fundamental 
conspiracies of the primitive nth roots of unity. When one considers that a:’ 
is a sum of (“‘,“‘) unit vectors (for example 73629072 in the case of n = 105, 
r .= 7) one realizes the extent of the cancellation that takes place. 
We pass on to the consideration of the coefficients of the translated poly- 
nomial QJx + 1). 
3. THE BEHAVIOR OFQ,(X) ABOUT x = 1 
The coefficients cp’ in the expansion 
Q& + 1) = c;’ + C;“X + c?‘x* + ... 
are entirely different in nature from GY,, ‘n’. They result from substituting 
x = 1 into the product (1) and its successive derivatives. Each such substitu- 
tion produces an indeterminant form which becomes more delicate as the 
order of differentiation increases. The first step was taken by V. A. Lebesque 
in 1859 [3], who proved that, for II > 1, 
(n’ = Qn(l) = ,hcn’ = )f ~,,rs, Pa, (Y > 1. co (8) 
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This result, which follows easily from (2), (4), and (5), gives with the aid of 
the Prime Number Theorem. 
THEOREM 1. The geometric mean of 
QzU), Qdl), **-p QnU) 
tends to e as n -+ co. 
Proof. By (8) we have 
This is the familiar function #(n) of prime number theory and is asymptotic 
to n. Dividing by n - 1 and letting n + co gives the theorem. Another 
closely related consequence of (8) is the fact that the product 
is the least common multiple of the first n positive integers. This is easily 
proved by induction on n. 
The second step was taken in 1936 by Holder [2] when he proved that 
Cl (TT) = Qn’( 1) _ $ y(n) eAcn’ (9) 
by a method that becomes very difficult when applied to higher derivatives of 
Qn(x + 1). For a broader approach we need to bring in the numbers of 
Bernouilli and Stirling. 
4. PREPARATORY LEMMAS 
We shall need four lemmas. The first three are familiar and their proofs 
are easy. 
LEMMA 1. 
B (rn) ( tr, ) (m-1) 
n+l = rnB, + G, . 
LEMMA 2. m!cll”) _ s (- l)m+r (I;, h”, 
I;=0 
LEMMA 3. 
m=r 
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LEMMA 4. Let h be a positive integer and let 
11-l 
Uh(ll) =~ C pj" 
J=l 
where 
Then 
pj _ (e2aij:n _ 1)-l. 
(h - 11) ok(n) = 2 $ (- 1 jrn+l(nm - 1) ~:n,’ 
rn=l 
PROOF. The two polynomials of degree n - 1 
(x + 1)” - 1 
.2 
and 
a-1 
n (1 - &) 
j=l 
have the same roots 
and, hence, have the same logarithmic derivative. Equating these, we have 
= - j$ xkP1ak(n). 
k=l 
If we set x = y - 1, multiply by - y, and expand the left member in 
powers of y, we get 
n $ysn ~ f$ys = %y(y - l)k-l ue(n). (10) 
s=l S=l k=l 
We now let 19 be the operator y(d/dy) and operate on both sides of (10) by 
0’. Multiplying by trjr! the sum over I gives 
= 2 JL $ &(y(y - l)“-‘} Uk(7z). 
r-0 r! k=l 
(11) 
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We now consider what happens to both sides as y -+ 1. On the right we note 
that 
@r’{y(y - l)y. = 8” r$ (- l)Ay”-A (” ; ‘,I 
= x (- 1)1-l-, (” ; 1) (7 $- l)ryT+l 
If now we let y -+ 1 and use Lemma 1 and Lemma 2, we find 
ljz e’{y(y - l)“-1) = k!eF’ + (K - l)! 6:-l’ 
Hence 
= (k - l)! 6;:: . 
where the inner sum is actually finite. 
Returning to the left side of (ll), we introduce the function 
so that 
F,& y) = nG(nt, y”) - W Y). 
Now 
1 + G(t, y) = 3 ; s$ s7yJ = -$ysets = --!I- 1 -yet 
Hence 
Thus, by (13), 
W&Y) =+q- 
113) 
F,dC Y) = ,t:': yn - y . 
ept -y 
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Taking t # 0 and setting 4’ = 1 gives 
Comparing coefficients of tnl-lj(m - I)! in (14) and (12), we have 
+ (- l)l+“~(g - 1) = 3 (k - l)! ‘+Jk(n) 
h-1 
Now we multiply both sides by Sp’ and sum over m from 1 to h. This gives, 
in view of Lemma 3, 
& !$ (- l)m+l(g - 1) &y = 3 (k - I)! &) 2 C!f’&p 
k=l UZ=l 
= z (k - l)! (T&z) 8P,h = (h - l)! u&z). 
k=l 
This is Lemma 4. 
5. AN AUXILIARY THEOREM 
We can now prove 
THEOREM 2. Let 
sk(n) = C (e2rij/n - 1)-k;. 
0cjc.n 
(i.n)=l 
Then 
s,Jn) = q&(n) - (19 
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PROOF. The sum for sk( 1) being empty, we take sk( 1) to be zero. Likewise 
~~(1) = 0. Then 
z ~~(8) = 2 (ezhjin - 1)-k = u .(n) h * 
Sin O<j<ll 
By Mobius inversion 
4n) = 2 Uk@) CL ($j . 
Since 
J&q = p-ypm - l), 2 JrnW = Pm”; 
/3=0 
and since JTm(n) is multiplicative, we have the well-known relation 
2 JnW = nm 
sin 
or, by inversion, 
By using this, (16), and Lemma 4 gives 
Taking into account the facts that 
B,=-$, Bm+l = 0 for h > 0, 
J&4 = ~(4~ and s:.” := (h - l)!, 
the theorem follows. 
As an instance of Theorem 2 we take n = 2, then 
Sk(n) = (- 2)-k, Jzh(n) = 4h - 1. 
409]15/1-8 
(16) 
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We then have 
w.21 B 
,T;, $ S:“h’(4h - 1) = (- 1)‘; (k - I)! 
2/--l .-. 1 
2’: 
The relation (15) gives in particular for k = l( 1)9 
2 h(n) = ~ v(n) 
12 s&1) = 6 v(n) - h(n) 
8 S&J) = ~- 4 v(n) + J2(n) 
720 s&z) = 360 p(n) - 110 J&n) + J&r) 
288 s&z) = - 144 cp(n) + 50 J&I) -- J&z) 
60480 s,(n) = 30240 p)(n) - 11508 J&z) + 357 J&r) - 2 J&z) 
17280 s,(n) = - 8640 C&Z) + 3528 J&z) - 147 J&z) + 2 J&z) 
3628800 s&z) = 1814400 y(n) - 784080 J&z) + 40614 J4 
- 920 &L?(n) + 3 Is(n) 
268800 s&z) = - 134400 ye + 60880 J&z) - 3738 J&z) 
+ 120 h(n) - J*(n). 
6. THE COEFFICIENTS OF Qn(x + 1) 
THEOREM 3. 
where the sum extends over all solutions (A, , A, , ...) of 
A, + 2X, + .-a = k. 
PROOF. Let Pk be the kth order elementary symmetric function of the 
p)(n) quantities & for which (j, n) = 1. That is, 
(17) 
By Newton’s formula, the sum in the theorem is (- l)k P, . Hence it suf- 
fices to show, in view of (8), that 
(18) 
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Now the polynomial 
Qn(X + 1) = qg X”&‘(l) 
Qd) k=(J Qn(l) k! 
has the same roots as (17), and these two polynomials have the same value 
for x = 0. Hence they have identical coefficients. This establishes (18) and 
Theorem 3. 
THEOREM 4. The coeficient of X~ in the expansion 
QJx + 1) = c, + cix + csx* + ... 
has the form 
ck = e”‘n’Rk{dnh h?(n)9 &h ‘**9 hdn)>, 
where 2h < k < 2h + 2 and R, is a polynomial with rational coejicients. 
PROOF. This theorem follows at once from Theorems 2 and 3. 
7. THE POLYNOMIALS Rk 
These polynomials exhibit a remarkable structure when written in factorial 
notation. To bring out these features and to simplify notation, we abbreviate 
as follows 
t, J&4 means -. 2r 
In particular t, means *p)(n) 
(tl - l)[Sl means (4 - 1) (4 - 2) = + (dn) - 2) (v(n) - 4) 
tp means t,(t, - 1) (tz - 2) = h J&) (J&) - 4) 
(JzW - 8). 
With these simplifications the first few R’s may be tabulated as follows: 
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TABLE OF R, 
R, = 1 
R, = t, 
R2 = tt” ./- f  t, 
R, = t:“] + (tl ~ 1) t, 
R, = t!’ 
I 
+ 2(t, ~ 1p1 t, - - {ta - 5t, Cn1 15 : 
R, = t!“’ + : (tl - l)r31 tz - f (tl ~ 2) {tr - 5tf1[ 
R, = tt”] + 5(t, ~ l)“] t, - (tI - 2)[“’ {tl - 5tF1} 
1 + Z,f” \ ~ 7t,(t* 35 14 - 1) f-p 131 + -t, / 
3 \ 
R 
7 
= &‘I 
1 
+ 7(t - If51 t 
1 2 
- 1 (t - 2)[‘1 It - 5&‘1} 
3’ ‘4 2 
35 + f (fl - 3) 46 
!  
- 7t,(tz - 1) + t2 [31 -1. ‘4 
j- 3 
t 1 
“) 
In general, R, has the expansion 
R, = t;"] + 2 2 B,, $)(tl - ,,)[k--?ul Q, , 
0=1 
where 
Q1 = t, 
Q, = t, - 5tC”’ 7 
3.5 [31 &Q3 = t, - 7t,(t, - 1) + 3 t, 
J24 = t, - T t,(t, - 1) - f ty + r” t,(t, ~ I)[“’ 
175 t,M 
9 
~ 
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8. EXPANSIONS ABOUT OTHER ROOTS OF UNITY 
The knowledge of Q:‘(l) allows us to determine QF’(- 1) and Q’,“‘(e) 
for certain roots of unity E as follows. 
THEOREM 5. 
(- I)kQ;,k'(l) if n is odd, 
(- l)‘;Q$b(l) if LI 3 
is odd, 
(- l)“QF’(l) ; f  1 tieeren. 
PROOF. This follows at once by differentiating K times each of the follow- 
ing consequences of (3) and (5). 
if n is odd, 
if 3 
is odd, 
Qn(4 if + is even. 
THEOREM 6. Let h be any integw and let h, be the product of the distinct 
prime factors of h. Let n be divisible by hh, . Then for every integer k and fur 
any hth root of unity E 
Q;‘(e) = e-“Qy( 1). (19) 
PROOF. If we write n = nOm where n, is the product of the distinct prime 
factors of n, then m is divisible by h. By (5), Q%(X) is a polynomial in xh and 
so also is 
g(x) = x”Qh”‘(x). 
Hence g(e) = g( 1) and (19) follows at once. 
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